
“Information technology has been praised as a labor 
saver and cursed as a destroyer of obsolete jobs. But 
the entire edifice of modern computing rests on a 
fundamental irony: the software that makes it all 
possible is, in a very real sense, handmade. Every 
miraculous thing computers can accomplish begins with 
a human programmer entering lines of code by hand, 
character by character.” 

— Moshe Y. Vardi
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An example: Flash Fill in Excel 2013

Flash Fill



An example: Flash Fill in Excel 2013

Flash Fill



An example: Flash Fill in Excel 2013

Some ‘]’ are missing

Add a ‘]’



An example: Flash Fill in Excel 2013

Too many!



An example: Flash Fill in Excel 2013

Fix it

Then rerun Flash Fill



An example: Flash Fill in Excel 2013

Correct!



What is Program Synthesis?

Program Synthesis aims to automate (tedious part of) 
programming.

A programmer only tells the computer what he wants (through 
formal or informal specifications), and leaves the details of 
how to the computer to figure out.

Flash Fill is an instance of Example-Driven Program Synthesis 
(also called Inductive Program Synthesis)

There is also another kind of program synthesis: Deductive 
Program Synthesis (usually using formal specifications)



The Leon Framework

Leon is an automated system for synthesizing and verifying 
functional Scala programs, developed by EPFL

Leon uses Scala constructs require and ensuring to 
document preconditions and postconditions of functions

def max(x: Int, y: Int): Int = { 
    val d = x - y 
    if (d > 0) x 
    else y 
  } ensuring(res => 
    x <= res && y <= res && (res == x || res == y))



The Leon Framework - Verification

The code seems to work correctly. However, Leon 
automatically finds that it is not correct, showing us a counter-
example inputs, such as 
 

The problem is due to overflow of 32-bit integers!

def max(x: Int, y: Int): Int = { 
    val d = x - y 
    if (d > 0) x 
    else y 
  } ensuring(res => 
    x <= res && y <= res && (res == x || res == y))

x -> -1639624704
y -> 1879048192



The Leon Framework - Verification

To use unbounded integers, we simply change the types to 
BigInt, obtaining a program that verifies (and, as expected, 
passes all the test cases)

def max(x: BigInt, y: BigInt): BigInt = { 
    val d = x - y 
    if (d > 0) x 
    else y 
  } ensuring(res => 
    x <= res && y <= res && (res == x || res == y))



The Leon Framework - Synthesis

Leon can also synthesize programs from given specifications

We omit the implementation of max, using only a 
placeholder ???[BigInt] indicating we are looking for an 
unknown implementation of an integer type 
 
 
 

Leon can then automatically generate an implementation that 
satisfies this specification, such as

def max(x: BigInt, y: BigInt): BigInt = { 
    ???[BigInt] 
  } ensuring(res => 
    x <= res && y <= res && (res == x || res == y))

if (x <= y) x 
else y



The Escher Algorithm
Synthesizing recursive programs



The Escher Algorithm

An example-driven synthesis algorithm aims to synthesize 
recursive programs

Uses a very simple target language (only argument variable, if-
then-else statement and function application)

Initially described in the CAV’13 paper Recursive Program 
Synthesis

I’m going to introduce a modified version of this algorithm 
called Escher-Scala (the project I’m currently working on)



An Escher-Scala Example

Suppose we want to synthesize a list reverse function

First, we need to provide a function signature

Haskell equivalent:



An Escher-Scala Example

Then we provide some input-output examples

During the synthesis, the algorithm also asks results for some 
additional input cases, we say this algorithm uses an Oracle.



An Escher-Scala Example

The program Escher-Scala found: 
 
 
 
 
 
 

Haskell equivalent:



An Escher-Scala Example

The program Escher-Scala found:

It took the algorithm only 219ms to find this example



An Escher-Scala Example

The program Escher-Scala found:

It took the algorithm only 219ms to find this example

Actually, for easy testing, instead of manually type in those 
Oracle inputs, I used reference implementations



The Component Set

You probably have noticed that Escher used some library 
functions (Components) in the previous example: 

isNil, head, tail, concat …

Escher always works under a Component Set — it only uses 
components (library functions) from this Component Set to 
synthesize programs.

The Component Set is not fixed, they can be customized for 
different synthesis tasks



The Standard Component Set

All the following synthesis tasks were tested under a standard 
Component Set (26 components), possibly with additional 
components.



The Standard Component Set

It is also quite easy to implement new components and data 
types in Escher-Scala



More than reverse

Escher-Scala can also synthesize many other interesting 
programs!

fib: Fibonacci numbers



More than reverse

Escher-Scala can also synthesize many other interesting 
programs!

nodesAtLevel: All nodes of a binary tree at some depth



Contains and Dedup

contains: Whether an element is in a list

dedup: Remove all duplicate elements of a list



Cartesian Product

cartesian: Cartesian Product of two lists

Example Set:



The program Escher-Scala found: 
 
 
 

Rewrite it into a more readable form: 
 
 
 
 
 

We will come back to this example in later discussions

Cartesian Product in detail



How it works

Now, let me introduce the algorithm in detail

Remember our synthesis is example-driven

I’m going to use the list length example

Function signature: length(@xs: List[‘0]): Int 

Input-output examples:



What we want

Basic Objective: Give the 3 input-output examples, we want to 
find a recursive program that passes all of them

We can represent the 3 inputs as an input vector 

Since we have only one value for each input: 

We also represent our desired outputs as output vector

{([]),([1]),([2,3,4])}

{[],[1],[2,3,4]} 

{0, 1, 3}



Terms

Function signature: length(@xs: List[‘0]): Int

Using only components and input variables (@xs in this 
example), we can write down a series of terms (expressions 
with valid types), each term has a corresponding output vector 
 
 
 
 

Note that we also treat length as a special component, to 
calculate its output vector, the algorithm needs to ask Oracle 
for additional inputs.

zero() ~> {0,0,0} 
@xs ~> {[],[1],[2,3,4]} 
inc(zero()) ~> {1,1,1} 
tail(@xs) ~> {Err,[],[3,4]} 
isNil(@xs) ~> {T,F,F} 
length(tail(@xs)) ~> {Err,0,2} 
.. ..



Target Program

If we can find a term with the desired output vector, then we are 
done!

Otherwise, we may need to combine those terms into programs

Programs are either terms or if-then-else expressions with the 
following shape: 
 
 
 
 

Or inductively:

if term1 then term2 
else if term3 then term4 
else if term5 then term6 
.. .. 
else termN

P := term 
   | if term then term else P



What we really want

We can always find some “trivial programs” that pass all examples, for 
our length example: 
 
 

But the above program is not general enough! It will fail on other inputs 
like [1,2] 

What we really want is programs like this: 
 
 

How to avoid finding those “trivial” programs?

Observation: The correct program is much simpler!

if isNil(@xs) then zero() 
else if isNil(tail(@xs)) then inc(zero()) 
else inc(inc(inc(zero())))

if isNil(@xs) then zero() 
else inc(length(tail(@xs)))



Guiding Heuristic

Occam’s Razor

Among competing hypothesis, the 
one with the fewest assumptions 
should be selected.



Guiding Heuristic

Occam’s Razor: Among competing hypothesis, the one with the 
fewest assumptions should be selected.

If there are multiple programs that pass the example set, the 
algorithm should return the “simplest” one.

How to define the simpleness of a program? There is not any 
mathematically rigorous answer to this question yet.

But experiment results demonstrate that the size (number of nodes 
in AST) of target programs is a good choice. 
 
 
 
 

if isNil(@xs) then zero() 
else inc(length(tail(@xs))) Size = 8

if isNil(@xs) then zero() 
else if isNil(tail(@xs)) then inc(zero()) 
else inc(inc(inc(zero())))

Size = 14



The Escher-Scala algorithm consists of two alternating stages: 
Forward Term Search (FTS) and Goal-Guided Program Assembly 
(GGPA)

In the n th alternation, the algorithm first find out all terms of size n 
(FTS), and then tries to assemble a correct target program using 
GGPA.

Algorithm Overview

FTS GGPA

FTS GGPA

FTS GGPA

A1:

A2:

A3:



Forward Term Search

If we want to synthesize term of size S, given a component that 
takes A arguments (arity = A), FTS searches for A terms whose 
sizes sum to S-1

In our length example, at alternation 4, FTS can find all terms we 
need in order to synthesize a correct target program, along with 
many other terms: 
 
 
 
 

zero() ~> {0,0,0}                    size=1 
isNil(@xs) ~> {T,F,F}                size=2 
inc(length(tail(@xs))) ~> {Err,1,3}  size=4



Observational Equivalence

We can’t just naively enumerate all possible terms; otherwise there 
will be too many of them! 

Many syntactically different terms are actually equivalent in 
semantics (have same meaning), we only need the simplest one. 

We can use Observational Equivalence as an approximation to 
semantical equivalence. 
 
 
 
 
{0,0,0} 
zero() 
dec(inc(zero)) 
plus(zero(),zero()) 
.. ..

{T,F,F} 
isNil(@xs) 
not(not(isNil(@xs))) 
equals(T(),isNil(@xs)) 
.. ..



Goal-Guided Program Assembly

Main idea: If we can’t find a term to satisfy a goal, we can split the 
goal using if-then-else expressions 
 
 
 
 

{0, 1, 3} ???



Goal-Guided Program Assembly

Main idea: If we can’t find a term to satisfy a goal, we can split the 
goal using if-then-else expressions 
 
 
 
 

if ??? 
then ??? 
else ???

Now try to fill these 3 holes

{0, 1, 3} ???



Goal-Guided Program Assembly

Main idea: If we can’t find a term to satisfy a goal, we can split the 
goal using if-then-else expressions 
 
 
 
 

{0, 1, 3} ???

Try with bool expressions that can split the goal

{T, F ,F}if isNil(@xs) 
then ??? 
else ???

{0, *, *} 
{*, 1 ,3} 

Find a term

Solve this goal  
recursively



Goal-Guided Program Assembly

Main idea: If we can’t find a term to satisfy a goal, we can split the 
goal using if-then-else expressions 
 
 
 
 

{0, 1, 3} ???

{T, F ,F}if isNil(@xs) 
then zero() 
else ???

{0, *, *} 
{*, 1 ,3} 

Solve this goal  
recursively

zero() 
{0,0,0}

Found zero()



Goal-Guided Program Assembly

Main idea: If we can’t find a term to satisfy a goal, we can split the 
goal using if-then-else expressions 
 
 
 
 

{0, 1, 3} ???

{T, F ,F}if isNil(@xs) 
then zero() 
else ???

{0, *, *} 
{*, 1 ,3} 

zero() 
{0,0,0}

inc(length(tail(@xs))) 
{Err, 1, 3}

Recursively solved



Goal-Guided Program Assembly

Main idea: If we can’t find a term to satisfy a goal, we can split the 
goal using if-then-else expressions 
 
 
 
 

{0, 1, 3} ???

{T, F ,F}if isNil(@xs) 
then zero() 
else ???

{0, *, *} 
{*, 1 ,3} 

zero() 
{0,0,0}

inc(length(tail(@xs))) 
{Err, 1, 3}

Program Found!



Goal-Guided Program Assembly

Main idea: If we can’t find a term to satisfy a goal, we can split the 
goal using if-then-else expressions

Result: 
 
 
 
 

length(@xs)= 
  if isNil(@xs) 
  then zero() 
  else inc(length(tail(@xs)))



Avoid Non-terminating programs

What if the algorithm find terms like this: 

Note that this term has the exact output vector we want. But the 
resulting program will not terminate! 
 

There always exists some non-terminating programs that are 
simpler than the correct, terminating ones!

To avoid problems like this, Escher requires the argument list of 
recursive calls must be “smaller” than the previous argument list. 
 
 

length(@xs)= 
  length(@xs)

length(@xs) ~> {0, 1, 3}



Termination Guarantee

Intuition: If every time the program calls its self, the size of its 
argument list becomes smaller, then eventually, its argument list 
cannot be smaller anymore, thus the program terminates. 
 

length([2,3,4])

inc(length([3,4]))

inc(inc(length([4])))

inc(inc(inc(length([]))))

inc(inc(inc(0)))

3



Termination Guarantee

Intuition: If every time the program calls itself, the size of its 
argument list becomes smaller, then eventually, its argument list 
cannot be smaller anymore, thus the program terminates.

To achieve this, we should be able to compare the size of two 
values of the same data type. And for each data type, there must 
exists some smallest element.

For integer, we can define the size as its absolute value.

For lists, we define the size as its length.

Then we can define the usual alphabetic order on argument lists. 
 
 



Check recursive calls

In our length example, remember we have input vector: 

For term @xs, it we apply length on it, because those three 
argument lists are the same as the input vector (thus not smaller 
than it), this results in 3 Errs: 

For term tail(@xs) 
 
 
 
 

@xs ~> {[],[1],[2,3,4]}

length(@xs) ~> {Err,Err,Err}

tail(@xs) ~> {Err,[],[3,4]}



Check recursive calls

In our length example, remember we have input vector: 

For term @xs, it we apply length on it, because those three 
argument lists are the same as the input vector (thus not smaller 
than it), this results in 3 Errs: 

For term tail(@xs) 
 
 
 
 

@xs ~> {[],[1],[2,3,4]}

length(@xs) ~> {Err,Err,Err}

tail(@xs) ~> {Err,[],[3,4]}

length(tail(@xs)) ~> {Err, 0, 2}

decreasing



Rebooting

After our algorithm has found a recursive program, we are not done 
yet. We must check whether it works correctly on those additional 
recursive calls we encountered during the synthesis.

Why? Because during the Goal-Guided Program Assembly stage,  
we may have used the output vector of some recursive terms 

But GGPA only guarantee to find a program that satisfies the 
original input-output examples 

The resulting program may not satisfy those additional examples: 
 
 

length({Err, [], [3,4]}) ~> {Err, 0, 2}

length({[], [1], [2,3,4]}) ~> {0, 1, 3}

length([3,4]) =??= 2



Rebooting, continued

But the correctness of GGPA relies on the output vector of these 
recursive terms. So we must check that the algorithm we get is 
actually correct on these additional examples.

Example Set Program
Synthesis

Additional Examples

Oracle
Need check this



Rebooting, continued

But the correctness of GGPA relies on the output vector of these 
recursive terms. So we must check that the algorithm we get is 
actually correct on these additional examples.

What if the found program failed on some additional examples?

Example Set Program
Synthesis

Additional Examples

Oracle
Failed on



Rebooting, continued

But the correctness of GGPA relies on the output vector of these 
recursive terms. So we must check that the algorithm we get is 
actually correct on these additional examples.

What if the found program failed on some additional examples?

In this case, the program must be wrong and we add those failed 
examples into the example set and reboot the algorithm. This is 
called rebooting.

Example Set Program
Synthesis

Additional Examples

Oracle
Failed on Send to



Rebooting, continued

But the correctness of GGPA relies on the output vector of these 
recursive terms. So we must check that the algorithm we get is 
actually correct on these additional examples.

What if the found program failed on some additional examples?

In this case, the program must be wrong and we add those failed 
examples into the example set and reboot the algorithm. This is 
called rebooting.

New Example Set Program
Reboot



Problem: Too many examples required!

Benchmark



I’m currently working on a new algorithm to address this problem

The new algorithm is called AcsendRec and it does not require an 
Oracle to work

Basic idea: Instead of asking the Oracle, we try to partially evaluate 
the output vector of a recursive term during GGPA

A New Algorithm

f(@x:Int, @y:Int)= 
  if isZero(@x) 
  then @y 
  else ???

f(0,1) = 1 
f(0,3) = 3 
f(1,2) = ?

f({(0,1),(0,3),(1,2)}) ~> {1, 3, ?}



In addition to Err, we need another special value, called Unknown, 
written as ‘?’

Moreover, during Forward Term Search, we must distinguish 
recursive from non-recursive terms. An recursive term must have at 
least one ‘?’s in its output vector, otherwise we treated it as if it’s 
non-recursive

The Unknown Value

@xs ~> {[],[1],[2,3,4]} 
tail(@xs) ~> {Err,[],[3,4]} 
isNil(@xs) ~> {T,F,F} 
length(nil())  
           ~> {0,0,0} 
.. .. 

length(tail(@xs)) ~> {Err,0,?} 
inc(length(tail(@xs)))  
                  ~> {Err,1,?} 
.. ..

Non-recursive Recursive



This new algorithm can only efficiently find programs of a special 
form — The target program should be ascending-recursive

Ascending-recursive Form (ARF): A program is said to be in ARF if:

Ascending-Recursive Form

1. Its first branch and condition expressions are non-recursive

if isNil(@xs)  
then zero() 
else inc(length(tail(@xs)))

if not(isNil(@xs))  
then inc(length(tail(@xs))) 
else zero()

(suppose length is an recursive call)



This new algorithm can only efficiently find programs of a special 
form — The target program should be ascending-recursive

Ascending-recursive Form (ARF): A program is said to be in ARF if:

Ascending-Recursive Form

1. Its first branch and condition expressions are non-recursive

2. If the program recursively calls itself in the i th branch, then in the 
following recursive evaluation, it can only access the j th 
branches where 1≤ j ≤ i

1st branch

2nd branch
3rd branch



This new algorithm can only efficiently find programs of a special 
form — The target program should be ascending-recursive

Ascending-recursive Form (ARF): A program is said to be in ARF if:

Ascending-Recursive Form

1. Its first branch and condition expressions are non-recursive

2. If the program recursively calls itself in the i th branch, then in the 
following recursive evaluation, it can only access the j th 
branches where 1≤ j ≤ i

3. Nested recursive calls are not allowed

fib(fib(n-1)) fib(n-1)+fib(n-2)

(suppose fib is an recursive call)



We are going to use the cartesian example to demonstrate how to 
efficiently search for ascend-recursive programs without using an 
Oracle.

Remember GGPA is a top-down process — We start from an initial 
goal (output vector), and gradually split it using if statements

Partial Evaluation



Now try to split the goal. Because the first branch must be non-
recursive, we split it just like before

Partial Evaluation

cartesian(@xs, @ys) = 
  ???

inputs: {([], [2, 3, 4]),([5], []),([5], [7, 8, 9]),([2, 3], [4, 5])}

goal:   {[], [], [(5,7),(5,8),(5,9)], [(2,4),(2,5),(3,4),(3,5)]}



The first two cases in the goal vector are solved

Try to split again

Partial Evaluation

cartesian(@xs, @ys) = 
  if or(isNil(@ys), isNil(@xs)) 
  then nil() 
  else ???

inputs: {([], [2, 3, 4]),([5], []),([5], [7, 8, 9]),([2, 3], [4, 5])}

goal:   {* , * , [(5,7),(5,8),(5,9)], [(2,4),(2,5),(3,4),(3,5)]}



Now we need to decide which term to put into the red hole

Suppose we have tried all non-recursive terms and none of them 
can lead to a successful assembly

Then the algorithm tries to find a recursive term

Partial Evaluation

cartesian(@xs, @ys) = 
  if or(isNil(@ys), isNil(@xs)) 
  then nil() 
  else if isNil(tail(@xs)) 
       then ??? 
       else ???

inputs: {([], [2, 3, 4]),([5], []),([5], [7, 8, 9]),([2, 3], [4, 5])}

goal:   {* , * , [(5,7),(5,8),(5,9)], [(2,4),(2,5),(3,4),(3,5)]}



What’s the output vector of the term below?  

Before GGPA, it is: 

Partial Evaluation

cartesian(@xs, @ys) = 
  if or(isNil(@ys), isNil(@xs)) 
  then nil() 
  else if isNil(tail(@xs)) 
       then ??? 
       else ???

inputs: {([], [2, 3, 4]),([5], []),([5], [7, 8, 9]),([2, 3], [4, 5])}

goal:   {* , * , [(5,7),(5,8),(5,9)], [(2,4),(2,5),(3,4),(3,5)]}

cons(createPair(head(@xs), head(@ys)), cartesian(@xs, tail(@ys)))

{?, Err, ?, ?}



But now, we can plug this term into the red hole and calculate its 
new output vector, and we only need to evaluate its value on the 
third input

Partial Evaluation

cartesian(@xs, @ys) = 
  if or(isNil(@ys), isNil(@xs)) 
  then nil() 
  else if isNil(tail(@xs)) 
       then cons(createPair(head(@xs), head(@ys)),  
                 cartesian(@xs, tail(@ys))) 
       else ???

inputs: {([], [2, 3, 4]),([5], []),([5], [7, 8, 9]),([2, 3], [4, 5])}

goal:   {* , * , [(5,7),(5,8),(5,9)], [(2,4),(2,5),(3,4),(3,5)]}

{[], Err, ?, ?}

{[], Err, [(5,7),(5,8),(5,9)], ?}

A match!



But now, we can plug this term into the red hole and calculate its 
new output vector, and we only need to evaluate its value on the 
third input

Note that because we are trying to find an ascending-recursive 
program, a correct term for the red hole can always successfully 
evaluate its value like we just saw!

Partial Evaluation

cartesian(@xs, @ys) = 
  if or(isNil(@ys), isNil(@xs)) 
  then nil() 
  else if isNil(tail(@xs)) 
       then cons(createPair(head(@xs), head(@ys)),  
                 cartesian(@xs, tail(@ys))) 
       else ???

inputs: {([], [2, 3, 4]),([5], []),([5], [7, 8, 9]),([2, 3], [4, 5])}

goal:   {* , * , [(5,7),(5,8),(5,9)], [(2,4),(2,5),(3,4),(3,5)]}



Now we are only left with this blue hole and we can solve it 
recursively, thus finish the GGPA stage.

Partial Evaluation

cartesian(@xs, @ys) = 
  if or(isNil(@ys), isNil(@xs)) 
  then nil() 
  else if isNil(tail(@xs)) 
       then cons(createPair(head(@xs), head(@ys)),  
                 cartesian(@xs, tail(@ys))) 
       else ???

inputs: {([], [2, 3, 4]),([5], []),([5], [7, 8, 9]),([2, 3], [4, 5])}

goal:   {* , * , [(5,7),(5,8),(5,9)], [(2,4),(2,5),(3,4),(3,5)]}



Benchmark (AscendRec)

We need much less examples now!



Limitations

Because of the presence of ‘?’s, we can’t use observational 
equivalence for recursive terms. This can quickly lead to too many 
terms.

To alleviate this problem, we can introduce some simple term-
rewriting check to reject terms which can be rewritten into simpler 
ones:

not(not(…)) 
isNil(cons(…,…)) 
neg(neg(…)) 
inc(dec(…)) 

plus(…,plus(…,…)) 

plus(smallTerm,bigTerm) 

They can be simplified

Associativity

Commuativity



Limitations

For those programs that are not ascending-recursive, if we provide 
trace-complete examples (i.e. all recursive calls are included in the 
example set), the algorithm can synthesize it as if it was in 
ascending-recursive form. 
 
 
 
 
 

I’m still working on this algorithm. There might be more 
improvements in the future!

dedup(@xs: List['0]): List['0] = 
  if isNil(@xs) 
  then @xs 
  else if contains(tail(@xs), head(@xs)) 
       then dedup(tail(@xs)) 
       else cons(head(@xs), dedup(tail(@xs)))



Recursive Program Synthesis: https://www.microsoft.com/en-us/research/
publication/recursive-program-synthesis/

Escher-Scala on Github: https://github.com/MrVPlusOne/Escher-Scala

Leon Online: https://leon.epfl.ch

Flash Fill: https://www.microsoft.com/en-us/research/video/programming-
examples-pbe-flash-fill/
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